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We study the dynamics of merging compact binaries near a rotating supermassive black hole
(SMBH) in a hierarchical triple configuration. We include various general relativistic effects that
couple the inner orbit, the outer orbit and the spin of the SMBH. During the orbital decay due
to gravitational radiation, the inner binary can encounter an “apsidal precession resonance” and
experience eccentricity excitation. This resonance occurs when the apsidal precession rate of the
inner binary matches that of the outer binary, with the precessions driven by both Newtonian
interactions and various post-Newtonian effects. The eccentricity excitation requires the outer orbit
to have a finite eccentricity, and is most effective for triples with small mutual inclinations, in contrast
to the well-studied Lidov-Kozai effect. The resonance and the associated eccentricity growth may
occur while the binary emits gravitational waves in the low-frequency band, and may be detectable
by future space-based gravitational wave detectors.
I. INTRODUCTION
The detections of gravitational waves from merging
binary black holes (BHs) [1–5] have motivated many
recent studies on their formation channels. These in-
clude the traditional isolated binary evolution [e.g., 6–
13] and chemically homogeneous evolution [e.g., 14, 15],
gas-assisted mergers [e.g., 16], and various flavors of dy-
namical channels that involve either strong gravitational
scatterings in dense clusters [e.g., 17–27] or more gen-
tle “tertiary-induced mergers” [e.g., 28–38]. Many recent
studies have shown that merging BH and neutron star
(NS) binaries can be formed efficiently (via Lidov-Kozai
(LK) oscillations [39–41]) with the aid of a tertiary body
that moves on an inclined (outer) orbit relative to the
orbit of the inner binary. Furthermore, the efficiency of
the merger can be enhanced when the triple is part of a
quadruple system [e.g., 42–45], or more generally, when
the outer orbit experiences quasi-periodic external forc-
ing [e.g., 46–48].
In the standard LK-induced merger scenario, the lead-
ing order of post-Newtonian (PN) effect of general rel-
ativity (GR) gives rise to apsidal precession of the in-
ner binary, and this tends to suppress LK oscillations or
limit the maximum eccentricity [e.g., 49–51]. However,
several numerical studies [e.g., 52–54] based on secular
triple equations (see [55–57] for recent, more systematic
study of the secular triple equations in PN theory) also
found evidence that with small mutual inclinations (no
LK oscillations are allowed to occur), significant eccen-
tricity excitation might still be achieved under some con-
ditions (e.g., the clearest example of this phenomenon
is displayed in Figure 14 of [52]; [54] added some other
(generally non-essential) PN terms and called this “GR-
induced eccentricity excitation”). The physical expla-
nation of the eccentricity growth at low inclinations in
terms of “apsidal procession resonance” was provided in
[58] in the context of merging compact binaries with ter-
tiary (low-mass) companions. It was shown that a sec-
ular resonance occurs when the total apsidal precession
of the inner binary (driven by GR and the outer binary)
matches the precession rate of the outer binary (driven
by the inner binary), and this resonance allows efficient
“transfer” of eccentricity from the outer binary to the
inner binary.
In this paper, we are interested in stellar-mass BH
binary (BHB) mergers induced by a supermassive BH
(SMBH). Such BHBs may exist in abundance in the nu-
clear cluster (with a central SMBH) due to various dy-
namical processes, i.e., scatterings and mass segregation
[59, 60]. Importantly, our recent study [61] shows that
several GR effects (including some of the “cross terms”
studied in [55]) introduced by a rotating SMBH can gen-
erate extra precessions on the BH orbits, significantly in-
creasing the merger fraction (as well as the merger rate).
This opens the question of how these GR effects modify
the eccentricity growth mechanism due to the “apsidal
precession resonance”. We address this issue systemat-
ically in this paper. We focus our attention to isolated
BHB-SMBH triple systems, and do not consider other
processes related to scatterings and relaxation with sur-
rounding stars in the cluster [47, 62, 63], which may also
change the character of SMBH-induced mergers of stellar
BHBs.
Our paper is organized as follows. In Section II, we
review the essential GR effects (including the “cross
terms”) relevant to BHB-SMBH triples and present the
secular equations in PN theory. In Section III, we present
some numerical examples to illustrate how secular apsidal
resonance influences the orbital decay of BHB in triples.
In Section IV, we perform analytical calculations for the
eccentricity excitation for coplanar systems residing near
the resonance, and explore the parameter space which
can lead to the eccentricity excitation. In Section V, we
extend our calculations to systems with slightly inclined
outer binary and spin orientations. We summarize our
main results in Section VI.
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2II. EVOLUTION OF BHB NEAR A SMBH
A. Equations for Standard LK-Induced Merger
We consider a hierarchical triple system, composed
of an inner BH binary of masses m1, m2 and a dis-
tant companion (the SMBH) of mass m3 that moves
around the center of mass of the inner bodies. The re-
duced mass for the inner binary is µin ≡ m1m2/m12,
with m12 ≡ m1 + m2. Similarly, the outer binary
has µout ≡ (m12m3)/m123 with m123 ≡ m12 + m3.
The semi-major axes and eccentricities are denoted by
ain, aout and ein, eout, respectively. Therefore, the
orbital angular momenta of two orbits are given by
Lin = LinLˆin = µin
√
Gm12ain(1− e2in) Lˆin and Lout =
LoutLˆout = µout
√
Gm123aout(1− e2out) Lˆout. We define
the mutual inclination between Lin and Lout (inner and
outer orbits) as I. Throughout the paper, for convenience
of notation, we will frequently omit the subscript “in” for
the inner orbit.
To study the evolution of the merging inner BH binary
under the influence of the tertiary companion, we use
the double-averaged (DA; averaging over both the inner
and outer orbital periods) secular equations of motion
(see section 2.1 of [38] for discussion of double vs single
averaged equations). For the inner binary, the dynamics
of the angular momentum L and eccentricity e vectors
are given by
dL
dt
=
dL
dt
∣∣∣∣
LK
+
dL
dt
∣∣∣∣
GW
, (1)
de
dt
=
de
dt
∣∣∣∣
LK
+
de
dt
∣∣∣∣
GR
+
de
dt
∣∣∣∣
GW
, (2)
where we include the contributions from the Newtonian
potential of the external companion (the first terms in
Equations (1)-(2); following the notation of [38], we label
these with the subscript “LK” since they can generate LK
oscillations for sufficiently inclined orbits – although in
this paper we focus on non-LK regime), the leading order
PN correction, and the dissipation due to gravitational
waves (GW) emission.
The explicit DA equations of dL/dt|LK and de/dt|LK,
are provided in [50]. The Newtonian (LK) terms induce
precession of eccentricity vectors on the timescale
TLK =
1
ωLK
=
1
n
m12
m3
(
aout,eff
a
)3
, (3)
where n = (Gm12/a
3)1/2 is the mean motion of the inner
binary, and aout,eff ≡ aout
√
1− e2out is the effective outer
binary separation. Again, we label this TLK, because for
sufficiently inclined orbits, this is the LK timescale for
oscillations in eccentricity and orbital inclination.
GR (1-PN correction) introduces pericenter precession
of the inner binary,
de
dt
∣∣∣∣
GR
= ωGR,inLˆ× e, (4)
with the precession rate
ωGR,in =
3G3/2m
3/2
12
c2a5/2(1− e2) . (5)
Similar equations apply to the outer binary, with
deout
dt
∣∣∣∣
GR
= ωGR,outLˆout × eout, (6)
ωGR,out =
3G3/2m
3/2
123
c2a
5/2
out(1− e2out)
. (7)
During the LK oscillations, the short-range effect cap-
tured in Equation (4) plays a crucial role in determining
the maximum eccentricity emax of the inner binary [e.g.,
49], that can be evaluated analytically [e.g., 50, 51].
Gravitational radiation draws energy and angular mo-
mentum from the BH orbit. The rates of change of L
and e are given by [64]
dL
dt
∣∣∣∣
GW
= −32
5
G7/2
c5
µ2m
5/2
12
a7/2
1 + 7e2/8
(1− e2)2 Lˆ, (8)
de
dt
∣∣∣∣
GW
= −304
15
G3
c5
µm212
a4(1− e2)5/2
(
1 +
121
304
e2
)
e.(9)
For reference, the merger time due to GW radiation of
an isolated binary with the initial semi-major axis a0 and
eccentricity e0 is approximately given by
Tm = Tm,0(1− e20)7/2 =
5c5a40
256G3m212µ
(1− e20)7/2 (10)
' 1010
(
60M
m12
)2(
15M
µ
)(
a0
0.2AU
)4
(1− e20)7/2yrs.
Equations (1)-(2), as well as the similar equations of
motion of the outer binary (without GW emission), com-
pletely determine the evolution of the triple system. The
Standard LK-Induced Merger mechanism (as studied in
most previous works) considers sufficiently large mutual
inclinations, and includes the apsidal precession due to
GR (Equation (4)), but neglects the GR effects associ-
ated with the rotating tertiary companion. This is ade-
quate when the tertiary mass m3 is not much larger than
the masses of the inner BHB. However, for BHB-SMBH
triples, with m3  m1,m2, several GR effects involving
the SMBH can qualitatively change the efficiency and
outcomes of LK-induced mergers [61].
B. Additional GR effects due to rotating SMBH
For a rotating SMBH, the spin angular momentum is
given by S3 = χ3Gm
2
3/c, where χ3 6 1 is the Kerr pa-
rameter (we set χ3 = 1 in the numerical examples pre-
sented this paper). In GR, the vectors L, Lout, S3, e
and eout are coupled to each other, inducing time evolu-
tion of these vectors. In a systematical post-Newtonian
3framework of triple dynamics [55–57], there are numerous
terms. We summarize the most essential effects below
(also the leading-order effects). The related equations
are either from the classical work on binaries with spin-
ning bodies [65] (see also [66] and references therein), or
can be derived (or extended to include eccentricity) “by
analogy”, i.e., by recognizing that the inner binary’s or-
bital angular momentum L behaves like a “spin”. As
we see below, the vector forms of the equations we use
are much more transparent than equations based on or-
bital elements (see [55–57]), especially we are deal with
misaligned L, Lout and S3.
Effect I: the coupling between Lout and S3. In the
BHB-SMBH system, the angular momentum of the outer
binary Lout and the spin angular momentum S3 of m3
precesses around each other due to spin-orbit coupling if
the two vectors are misaligned (1.5 PN effect) [65, 67]:
dLout
dt
∣∣∣∣
LoutS3
= ωLoutS3 Sˆ3 × Lout, (11)
deout
dt
∣∣∣∣
LoutS3
= ωLoutS3 Sˆ3 × eout
−3ωLoutS3(Lˆout · Sˆ3)Lˆout × eout,(12)
dSˆ3
dt
∣∣∣∣
S3Lout
= ωS3LoutLˆout × Sˆ3, (13)
where the orbit-averaged precession rates are
ωLoutS3 =
GS3(4 + 3m12/m3)
2c2a3out(1− e2out)3/2
= ωS3Lout
S3
Lout
. (14)
Since in our case, S3 can be easily larger than Lout, the
de-Sitter precession (Equation (13)) is negligible.
Effect II: the coupling between L and Lout. In addi-
tion to the Newtonian precession (driven by the tidal
potential of m3), L experiences an additional de-Sitter
like (geodesic) precession in the gravitational field of m3
introduced by GR. This is a 1.5 PN spin-orbit coupling
effect, with L behaving like a “spin”. We have
dL
dt
∣∣∣∣
LinLout
= ω
(GR)
LinLout
Lˆout × L, (15)
de
dt
∣∣∣∣
LinLout
= ω
(GR)
LinLout
Lˆout × e, (16)
and the feedback from Lˆ, e on Lout and eout are given
by (see [65])
dLout
dt
∣∣∣∣
LoutLin
= ω
(GR)
LoutLin
Lˆ× Lout, (17)
deout
dt
∣∣∣∣
LoutLin
= ω
(GR)
LoutLin
Lˆ× eout (18)
−3ω(GR)LoutLin(Lˆout · Lˆ)Lˆout × eout,
with
ω
(GR)
LinLout
=
3
2
G(m3 + µout/3)nout
c2aout(1− e2out)
= ω
(GR)
LoutLin
Lout
L
, (19)
where nout = (Gmtot/a
3
out)
1/2. Note the similarity be-
tween Equations (17)-(18) and Equations (11)-(12).
Note that both Equations (15)-(16) are required to
keep L · e = 0. Equations (15)-(16) can also be repro-
duced through the “cross terms” in the PN equations of
motion of hierarchical triple systems [55, 56].
Effects III: the coupling between L and S3. Since the
semimajor axis of the inner orbit (a) is much smaller than
the outer orbit (aout), the inner binary can be treated
as a single body approximately. Therefore, the angular
momentum Lˆ is coupled to the spin angular momentum
S3 of m3, and experiences Lens-Thirring precession. This
is a 2 PN spin-spin coupling effect, with L behaving like
a “spin”. We have
dL
dt
∣∣∣∣
LinS3
= ωLinS3 Sˆ3 × L
−3ωLinS3(Lˆout · Sˆ3)Lˆout × L, (20)
de
dt
∣∣∣∣
LinS3
= ωLinS3 Sˆ3 × e
−3ωLinS3(Lˆout · Sˆ3)Lˆout × e. (21)
Note that Equation (21) is required to keep L·e = 0. The
back-reaction on the outer binary is gives (see Equations
64,65,70 of [65])
dLout
dt
∣∣∣∣
S3Lin
= −3ωS3Lin
[
(Lˆout · Lˆ)Sˆ3 + (Lˆout · Sˆ3)Lˆ
]
×Lout, (22)
deout
dt
∣∣∣∣
S3Lin
= −3ωS3Lin
{
(Lˆout · Lˆ)Sˆ3 + (Lˆout · Sˆ3)Lˆ
+
[
(Lˆ · Sˆ3)− 5(Lˆout · Lˆ)(Lˆout · Sˆ3)
]
Lˆout
}
×eout. (23)
In the above, the orbit-averaged precession rates are
ωLinS3 =
GS3
2c2a3out(1− e2out)3/2
= ωS3Lin
Lout
L
. (24)
Note ωLinS3/ω
(GR)
LinLout
∼ (Vout/c)χ3 (where Vout is the
orbital velocity of the outer binary and χ3 is the dimen-
sionless spin parameter of the SMBH). Thus Effect III is
important only when the outer binary is relativistic.
III. MERGING BHB WITH A COPLANAR
SMBH: NUMERICAL EXAMPLES
We begin with coplanar systems (Lˆ = Lˆout) with
the SMBH spin either aligned (Sˆ3 = Lˆ) or anti-aligned
(Sˆ3 = −Lˆ) with respect to the orbit. Figure 1 shows
two examples. All Newtonian (up to the octupole order)
and GR effects discussed in Section II are included in the
calculation. In the left panels (with Lˆ = Lˆout = Sˆ3),
the eccentricity of the inner binary is negligible initially,
4FIG. 1: The evolution of an inner merging BH-BH binary near a rotating SMBH in a coplanar orbital configuration, with the
SMBH spin either parallel (left) or anti-parallel (right) to the orbits.. The masses of BHs are m1 = 30M, m2 = 20M, and
m3 = 10
8M, respectively. The initial semimajor axes of the inner and outer binaries are a0 = 0.05AU (left panel), a0 = 0.07AU
(right panel) and aout = 90AU, respectively. The eccentricities and longitudes of the periapsis of two orbits are initialized as
e0 = 10
−4, eout,0 = 0.7 and $0 = $out,0 = 0, respectively. The blue lines are obtained by the numerical integrations of the time
evolution equations. The red-dashed lines on the second panels depict the analytical maximum eccentricity of the inner binary
at the corresponding semi-major axis (see Section IV B). The subfigures in the third and bottom panels show the difference of
outer eccentricity (eout − eout,0) and zoom-in of the GW peak frequency near the apsidal precession resonance.
but undergoes small-amplitude oscillations at the early
phase, due to the Newtonian perturbation from the outer
binary. During the orbital decay, the eccentricity gets ex-
cited twice and achieves a value of ∼ 0.27. This is the
result of the “apsidal precession resonance”, which allows
the inner binary to efficiently “gain” some eccentricity
from the outer binary (the eccentricity of the outer bi-
nary is initially 0.7, and decreases only slightly as the
system passes through the resonance) (see more details
in Section IV C). The bottom panel shows the time evo-
lution of the peak frequency of GW, given by [30]
fGW =
(1 + e)1.1954
pi
√
G(m12)
a3(1− e2)3 . (25)
We see that the peak frequency is above 10−4 Hz at res-
onance, and thus the system is in the LISA sensitivity
band. After the resonances, the gravitational radiation
reduces e gradually, circularizing the inner binary before
the final merger.
For reference, the right panel of Figure 1 shows the
evolution for a system with Lˆ = Lˆout = −Sˆ3. A simi-
lar resonance feature occurs, although at different loca-
tion (semi-major axis), and the inner binary eccentricity
builds up to as high as 0.18.
IV. APSIDAL PRECESSION RESONANCE:
ANALYTICAL RESULTS FOR COPLANAR
SYSTEMS
For coplanar (Lˆ = Lˆout), non-dissipative (with no
gravitational radiation) systems, the secular dynamics
can be understood analytically. We first consider the
case of small eccentricities, before studying the finite ec-
centricity case.
A. Linear (low-e) Systems
For systems with e, eout  1, the evolution of e and
eout is governed by the linear Laplace-Lagrange equations
[68], with proper inclusion of the related GR precession
terms [58]. Define the complex eccentricity variables
Ein = einexp(i$in), Eout = eoutexp(i$out), (26)
where $in, $out are the longitude of pericenter of the
inner and outer orbits. The evolution equations are
d
dt
( Ein
Eout
)
= i
(
ωin νin,out
νout,in ωout
)( Ein
Eout
)
, (27)
5where
ωin =
3
4
n
m3
m12
(
a
aout
)3
(28)
+ ωGR,in + ω
(GR)
LinLout
∓ 2ωLinS3 ,
ωout =
3
4
nout
m1m2
m212
(
a
aout
)2
(29)
+ ωGR,out ∓ 2ωLoutS3 − 2ω(GR)LoutLin ± 6ωS3Lin ,
νin,out = −15
16
n
(
a
aout
)4
m3(m1 −m2)
m212
, (30)
νout,in = −15
16
nout
(
a
aout
)3
m1m2(m1 −m2)
m312
. (31)
where in Equations (28)-(29) the upper sign denotes the
case of Lˆ = Lˆout = Sˆ3, and the lower sign the Lˆ = Lˆout =
−Sˆ3 case.
Starting with e0 = 0, eout = eout,0 at t = 0, Equation
(27) can be solved to determine the time evolution of e(t)
[see 58]. We find that e(t) oscillates between e0 and emax,
given by
emax = 2eout,0
|νin,out|√
(ωin − ωout)2 + 4νin,outνout,in
. (32)
Clearly, emax attains the peak value when ωin = ωout, at
which
epeak = eout,0
∣∣∣∣νin,outνout,in
∣∣∣∣1/2 = eout,0∣∣∣∣L′outL′in
∣∣∣∣1/2
= eout,0
m
3/4
12
m
1/4
123
m
1/2
3
(m1m2)1/2
(
aout
a
)1/4
, (33)
where L′in = Lin(e = 0) and L
′
out = Lout(eout = 0). We
call this “apsidal precession resonance”.
The linear theory is valid only for e 1 and eout  1.
Equation (33) shows that when L′out  L′in, as in the
cases studied in this paper (m3  m1,m2), even a small
eout,0 may lead to unphysically larger epeak. In prac-
tice, Equation (33) is useful in the sense that whenever
it predicts epeak of order unity of larger, we can expect
the inner binary to attain significant eccentricity, but the
precise value of e can only be obtained using nonlinear
calculations, as we discuss next.
B. Finite Eccentricities
For finite eccentricities, Equation (27) breaks down,
but the eccentricity evolution of a coplanar triple can
still be understood using energy and angular momentum
conservations, without the need of numerical integrations
of the equations of motion.
The total energy of the triple can be written as Φtot =
ΦN + Φextra, where
ΦN =
µΦ0
8
[
− 2− 3e2 − 15
8
εocte(4 + 3e
2) cos ∆$
]
(34)
is the Newtonian potential energy between the inner and
outer orbits in the octupole order [52, 58, 69], and Φextra
is the effective energy associated to the GR effects. In
Equation (34), ∆$ ≡ $in − $out, with $in, $out the
longitude of pericenters, and
Φ0 ≡ Gm3a
2
a3out(1− e2out)3/2
, εoct ≡ m1 −m2
m12
a
aout
eout
1− e2out
.
(35)
Various GR effects introduce extra apsidal precession
de
dt
∣∣∣∣
extra
= ω˙extra Lˆ× e. (36)
In terms of the effective potential, ω˙extra is given by (see
[49] and Appendix A)
ω˙extra = −
√
1− e2
e
1
µ
√
Gm12a
∂Φextra
∂e
. (37)
The effective Φextra can be obtained from
Φextra = −
∫
ω˙extra
eµ
√
Gm12a√
1− e2 de. (38)
Equation (37) is the canonical relations between Delau-
nay variables. Equations (36)-(38) can also apply to the
outer binary. Consequently, the potential energy associ-
ated with the periastron advance in the inner and outer
orbits are given by [49]
ΦGR,in = −3G
2m1m2m12
c2a2
√
1− e2 , (39)
ΦGR,out = − 3G
2m12m3m123
c2a2out
√
1− e2out
. (40)
Similarly, the potentials associated with the GR Effects
I-III (Equations (12), (16) and (21)) due to the rotating
SMBH are
ΦLoutS3 = ±
G2m12(3m12 + 4m3)S3
2c2nouta4out(1− e2out)
, (41)
ΦLinLout =
G3m1m2m3(4m12 + 3m3)
√
1− e2
2c2nnoutaa4out(1− e2out)
,(42)
ΦLinS3 = ∓
G2m1m2S3
√
1− e2
c2naa3out(1− e2out)3/2
. (43)
In Equations (41) and (43), the upper (lower) sign refers
to the Sˆ3 = Lˆ (Sˆ3 = −Lˆ) case. The detailed derivation
of the potentials is presented in Appendix A.
In the absence of dissipation (no GW), the total energy
Φtot (the sum of Equation (34) and (39)-(43)) is con-
served. This energy conservation, together with angular
momentum conservation, Ltot = L + Lout = constant,
completely determine the secular evolution of the triple
system.
Suppose e = 0 and eout = eout,0 at t = 0, we can use
the conservation of Ltot and Φtot to determine emax, the
6FIG. 2: The maximum eccentricity emax of the inner binary
as a function of the semimajor axis a for systems starting
with e0 = 0 and eout,0 = 0.7. The system parameters are
the same as in Figure 1. The black and blue lines are the
results from numerical integration with and without the GW
emission. The red dashed lines are achieved by the analytical
formula according to the conservation laws.
FIG. 3: The apsidal precession rates of the inner and outer
binaries (Equations 45 and 46) as a function of a. The system
parameters are the same as Figure 1. The black dots represent
the resonance location where ωin = ωout.
maximum eccentricity attained by the inner binary. Note
that since Lout  L, conservation of Ltot implies
eout ' eout,0 +
1− e2out,0
eout,0
L− L0
Lout,0
, (44)
where L0 and Lout,0 are the initial values of L and Lout,
respectively. Solving the energy and angular momentum
conservation laws (Equation (44)) yields e as a function
of ∆$. The maximum eccentricity emax is achieved at
either ∆$ = 0 or pi, depending on the initial value of
∆$, and whether ∆$ librates or circulates.
Figure 2 shows emax obtained by different methods as
a function of a where the parameters are the same as in
Figure 1. Here, the black solid lines are from the numer-
ical integrations including the GW emission, while the
the blue solid lines are achieved by integrating the equa-
tions without the GW radiation. We evolve the system
for about ∼ 103 yrs for a given semimajor axis a and
record emax during the evolution. The red dashed lines
are the analytical prediction using the two conservation
laws.
The numerical result (without the GW) are in a good
agreement with the analytical calculation. We see that
there are two evident peaks of emax in the blue and red
dashed lines, indicating the resonance arises twice (see
also Figure 3). However, in the “real” evolution of the
system (i.e. with GW), the eccentricity preserves the
memory of the excitation: Once the growth in e hap-
pens, the orbit can only be circularized by GW emission
gradually.
C. Eccentricity Excitation in coplanar System
Our analysis in Section IV A for linear (low-e) systems
shows that the inner binary attains a peak eccentricity
at the resonance ωin = ωout. For finite eccentricities, the
resonance is not precise, but we expect a similar peak
eccentricity occurs when ωin = ωout, with
ωin = ωLK,in + ωGR,in + ω
(GR)
LinLout
∓ 2ωLinS3 , (45)
ωout = ωGR,out ∓ 2ωLoutS3 − 2ω(GR)LoutLin ± 6ωS3Lin ,(46)
where the various frequencies include the dependence of
finite eout ' eout,0. Note that in Equation (46), the last
two terms are much smaller than the corresponding terms
in Equation (45) since Lin/Lout  1.
Figure 3 shows ωin and ωout as a function of a for
the examples depicted in Figure 1. When a is relatively
large, the Newtonian interaction is strong and ωLK,in is
the dominated source in ωin. So we have ωin  ωout.
On the other hand, near the merger of the inner binary
(a is small), the GR effect becomes important and dom-
inate the precession, leading to ωin  ωout. In between,
we see that ωin crosses ωout twice, creating two “apsidal
precession resonances” during the orbital decay.
D. Parameter Space
For a given set of system parameters, the criterion of
apsidal precession resonance (ωin = ωout) provides a good
estimation on the resonance radius (resonance occurs at
the location a = ain,Res for a given aout; or aout = aout,Res
for a given a). Combining the analytical analysis in Sec-
tion IV B, we can predict the maximum eccentricity of
the inner binary at resonance.
7FIG. 4: Parameter space in the a−aout plane, as well as the orbital period of the inner binary Pin-aout plane, where the apsidal
precession resonance occurs. The parameters are m1 = 30M, m2 = 20M, and m3 = 108M. The outer binary is set up
with two different eccentricities, eout = 0.2 for the left panel and eout = 0.8 for the right panel. The green region corresponds
to the dynamically unstable triple systems. The dotted line indicates the innermost stable circular orbits (ISCO) for the outer
binary, where Rg = (Gm3)/c
2. The color-coded dots represent the values of the maximum eccentricity of the inner binary
(with negligible initial eccentricity) due to the resonance, as calculated by energy and angular momentum conservations. Here,
the inner and outer curves are from the triple systems with aligned and anti-aligned Sˆ3, respectively.
FIG. 5: Same as Figure 4, but in the m3 − aout plane, for a = 0.02 AU.
Figure 4 illustrates the level of eccentricity excitation
in the a(Pin)−aout plane for the given m3 and eout. The
green region corresponds to the space where the triple
system is dynamically unstable, where the dot-dashed
line is the instability limit according to [70]. The dotted
lines indicate the innermost stable circular orbits (ISCO)
for the outer binary, where Rg = (Gm3)/c
2 (the ISCO
ranges from Rg to 9Rg depending on the spin magnitude
and orientation relative to the orbit). The color-coded
dots denote the locations (ain,Res) at resonance and the
values of emax. The inner part apply to the systems with
Lˆ = Lˆout = Sˆ3 and outer part Lˆ = Lˆout = −Sˆ3.
We see that in the left panel of Figure 4, for the reso-
nance to occur, the BHB must be close to the SMBH. In
the case of aligned Sˆ3, two locations of ain,Res tend to con-
verge as aout increases. The maximum emax is achieved
at the largest aout. Furthermore, the eccentricity of the
outer binary is crucial to produce significant emax (as
shown in the right panel).
Figure 5 shows the similar results but in the m3 −
aout plane (with a fixed at 0.02 AU). The upper and
lower color-coded dots are from the case of aligned and
anti-aligned Sˆ3, respectively. We find that the apsidal
precession resonance is expected for a wide range of m3.
In particular, small m3 leads to larger values of emax for
a given a and eout.
Figure 6 displays the resonance locations for four types
of inner binaries (as labeled) in Pin−aout plane, with four
8FIG. 6: Similar to Figure 4, but for the coplanar triple systems with aligned Sˆ3. Here, we only show the systems satisfying the
stability criterion and outside the ISCO. The outer eccentricity eout is set to be 0.5 in all cases. We select different BH binary
masses and SMBH mass, as labeled.
different SMBH masses. Note that we only restrict to the
configuration where Sˆ3 is aligned with Lˆout, and have
considered the criteria of stability [70] and ISCO. We see
that, in terms of the occurrence of resonances, the small
mass SMBH (top left panel) favors the low mass binary,
especially the BH-NS binary and NS-NS binary. To pro-
duce resonance, these binaries must be concentrated in
the inner-most region (∼AU) around the SMBH. Since
the BHB emits GW in the low frequency range before
chirping to the LIGO band, if the time evolution on the
binary eccentricity could be measured (e.g. sources near
the Galactic center), it would provide a useful test for the
binary formation channels. As the mass of the SMBH in-
creases, the apsidal precession resonance can emerge for
the high mass binaries, and the regions of interest are lo-
cated farther from the SMBH, as shown in other panels
of Figure 6.
V. RESONANCE IN THE INCLINED SYSTEMS
In this section, we extend our exploration to the gen-
eral cases of mutually inclined inner/outer binaries, and
misaligned spin of SMBH with respect to Lˆout. Since no
simple analytical result can be derived, we sample a to
determine the resonance location numerically for given
outer binary parameters.
We first consider the same example as in Figure 1 (with
aligned Sˆ3), but increase the initial inclination to the
higher values. We integrate the secular equations of mo-
tion with no GW radiation, evolving the system for ∼ 103
yrs, and record emax during the evolution. The results are
shown in the upper panel of Figure 7. Compared to the
fiducial example (black lines; the same as in Figure 2),
we see that the resonance locations change and spread for
larger inclinations. As I0 approaches 40
◦, the dynamics is
largely determined by the LK oscillations when a & 0.05
AU (For smaller a’s, LK oscillations are suppressed), and
the eccentricity excitation due to resonance tends to be
erased.
We can see several examples of the eccentricity evo-
lution in the upper panel of Figure 8, where a is fixed
to be 0.046 AU. The maximum eccentricity varies. The
irregular behavior in the case of I0 = 40
◦ arises due to
the combined influences of Effects I-III.
Alternatively, we vary the spin orientation of the
SMBH, choosing the initial misalignment angle between
Sˆ3 and Lˆout (i.e., θ
0
S3Lout
) to be 0◦, 10◦ and 60◦, while
keeping the mutual binary inclination angle to zero. The
results are shown in the lower panel of Figure 7. Some-
what surprisingly, in this case, emax is sensitive to θ
0
S3Lout
9FIG. 7: The maximum eccentricity emax as a function of the
inner binary semimajor axis a, obtained by integrating the
octupole equations of motion and including the GR effects
(but no GW emission). The upper panel shows the results
from various initial inclinations (as labeled) and aligned Sˆ3
(parallel to Lˆout). The lower panel shows the results from
different initial Sˆ3 − Lˆout misalignment angles (as labeled)
and coplanar tripla. The other parameters are the same as in
Figure 1.
FIG. 8: Evolution examples of the orbital eccentricity in the
inner binary. The parameters are picked from the cases in
Figure 7, and a = 0.046AU (upper panel) and a = 0.0363AU
(lower panel).
and it can grow to larger values, approaching the unity.
This is because Effect I plays a crucial role, and LK os-
cillations can be triggered (especially for θ0S3Lout = 60
◦)
due to an inclination resonance [e.g., 61]. To illustrate
the e evolution, in the lower panel of Figure 8, we see the
growth of e becomes chaotic for the fixed a = 0.0363 AU.
We now include the dissipative effect of gravitational
radiation. If we adopt the slightly inclined outer binary
and aligned (or anti-aligned) Sˆ3, the system can still en-
counter the apsidal precession resonance. Figure 9 shows
an example of a merging BHB with the inclined SMBH
(I0 = 10
◦). The initial misalignment angles between Lˆout
and Sˆ3 are 10
◦ (left panel) and 170◦ (right panel), respec-
tively. We find that the behaviors of e and eout, in par-
ticular the excitation of the inner binary eccentricity, are
more significant than the case of coplanar triple. When
the resonance is encountered during the orbital decay,
e increases while eout decreases. The systems have the
maximum eccentricities in excess of 0.81.
If the triple systems are initialized with arbitrary I0
and θ0S3Lout , the evolution may become chaotic, and the
eccentricity of the inner binary can easily to grow to close
to unity [e.g., 61]. Such “GR-enhanced” channel may
play an important role in BHB mergers. A comprehen-
sive parameter space study is beyond the scope of this
paper and we leave it to a future work.
VI. DISCUSSION AND CONCLUSION
In this paper, we have studied the dynamics of com-
pact BH-BH binaries under the influence of a nearby ro-
tating SMBH in a hierarchical triple configuration. We
have presented the general secular equations of motion
that govern the evolution of the (BH-BH)-SMBH triple
system, including various general relativistic (GR) effects
that couple the inner and outer orbits and the spin of the
SMBH (Section II). These post-Newtonian equations of
motion are derived and extended from previous work on
binaries with spinning bodies [65]. In our recent work
[61], we have shown that several of these GR effects can
significantly influence the rate of tertiary induced binary
mergers via Lidov-Kozai mechanism. In this paper, we
focus on systems with small mutual inclinations such that
Lidov-Kozai oscillation does not happen. We show that
compact binaries near a SMBH can experience an “ap-
sidal precession resonance”, where the pericenter preces-
sion rate of the inner binary matches that of the outer
binary. Both precessions are driven by the combined ef-
fects of Newtonian gravitational interaction and general
relativity. The resonance results in an efficient “transfer”
of eccentricity from the outer binary to the inner binary,
leading to eccentricity growth of the inner binary. An
example of the eccentricity growth due to apsidal pre-
cession resonance during binary merger near a SMBH is
shown in in Figure 1.
We provide analytical analysis for coplanar systems
with small eccentricities (linear theory; Section IV A)
and finite eccentricities (non-linear theory; Section IV B).
The linear theory gives a useful criterion for the res-
onance (Equations (32), (45) and (46)), but the non-
linear theory is needed to accurately predict the value
of maximum eccentricity excitation (see Figure 2). The
growth of the eccentricity in the inner binary at res-
10
FIG. 9: Similar to Figure 1, but for triple systems with finite initial binary inclinations and Sˆ3 − Lˆout misalignment angles:
I0 = 10
◦, θ0S3Lout = 10
◦ (left) and θ0S3Lout = 170
◦ (right). The other parameters are the same as in Figure 1. The qualitative
behavior of the inclined systems is similar to the coplanar systems, but the maximum eccentricities due to resonance are larger.
onance can be understood as “angular momentum ex-
change” (i.e., eccentricity exchange) between the inner
and outer binaries. For the systems studied in this paper
(mSMBH = m3  m1,m2), even a weakly eccentric outer
orbit (SMBH’s orbit) can excite appreciable eccentricity
in the inner BH-BH binary, and the peak eccentricity in-
creases as the outer binary becomes more eccentric (see
Figure 4).
The eccentricity growth due to apsidal resonance gen-
erally operates for triple systems with small mutual in-
clinations (in contrast to Lidov-Kozai oscillations, which
require high mutual inclinations) and allows for generally
misaligned spin orientations of the SMBH. (see Figure 7
and 8). The GR effects (especially Effect I; see Equa-
tions (11)-(14)) play an important role, and can make
the orbital evolution of the BH binary chaotic. The ec-
centricity of the merging binary can attain a larger value
compared to the corresponding coplanar case (see Figure
9).
The apsidal precession resonance can occur while
the binary is emitting gravitational waves in the low-
frequency band, thus potentially detectable by future
gravitational wave detectors operating at low frequen-
cies, such as LISA, DECIGO [71] and TianQin [72]. Bi-
nary mergers near the Galactic Center would be of great
interest, particularly if the eccentricity evolution can be
tracked. On the other hand, the apsidal precession reso-
nance may play a role in the scenario of BH binary merger
in the Active Galactic Nuclei disk [e.g., 16]. In this case,
a BH binary aligns its orbit with the disk, and moves
to the migration trap close to the central SMBH. The
final configuration of (BH-BH)-SMBH system may then
satisfy the criterion of resonance studied in this paper.
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Appendix A: The Effective Potentials of GR Effects
In the hierarchical coplanar triple system, the secular
Hamiltonian is given by
H = H1 +H2 + Φ
= −Gm1m2
2a
− Gm12m3
2aout
+ ΦN + Φextra, (A1)
where ΦN is given by Equation (34), and Φextra is
the effective potential due to various GR effects. For
the coplanar systems (Lˆ = Lˆout), we have H =
H($in, Lin, $out, Lout), where $in and $out are the lon-
gitude of pericenter of the inner and outer binaries,
respectively, and Lin = µ
√
Gm12a(1− e2), Lout =
µout
√
Gm123aout(1− e2out) are the respective canonical
momenta. The canonical equations of motion for the in-
ner and outer orbits are
$˙in =
∂H
∂Lin
, L˙in = − ∂H
∂$in
, (A2)
$˙out =
∂H
∂Lout
, L˙out = − ∂H
∂$out
. (A3)
Since H depends on $in and $out through ($in −$out)
(see Equation (34)), the second equations in (A2) and
(A3) yield angular momentum conservation
Lin + Lout = constant. (A4)
In vector form, the first equations in (A2) and (A3) imply
that the apsidal precession due to Φextra is given by
de
dt
∣∣∣∣
extra
= $˙
(in)
extraLˆ× e (A5)
deout
dt
∣∣∣∣
extra
= $˙
(out)
extraLˆout × eout, (A6)
where
$˙
(in)
extra =
∂Φextra
∂Lin
, $˙
(out)
extra =
∂Φextra
∂Lout
. (A7)
Thus, for a given apsidal precession rate, the “common”
extra potential can be evaluated by
Φextra =
∫
$˙
(in)
extradLin =
∫
$˙
(out)
extradLout. (A8)
Consider the various GR effects discussed in Section II.
For Effect I, Equation (12) reduces to
deout
dt
∣∣∣∣
LoutS3
= (∓ 2$LoutS3)Lˆout × eout. (A9)
The upper (lower) sign refers to the Sˆ3 = Lˆ (Sˆ3 = −Lˆ)
case. Using (14), the effective potential can be obtained:
ΦLoutS3 =
∫
(∓ 2$LoutS3)µout
√
Gm123aout d
√
1− e2out
= ±G
2m12(3m12 + 4m3)S3
2c2nouta4out(1− e2out)
. (A10)
For Effect II, Equations (16) and (18) reduce to
de
dt
∣∣∣∣
LinLout
= $
(GR)
LinLout
Lˆout × e, (A11)
deout
dt
∣∣∣∣
LoutLin
= −2$(GR)LoutLin Lˆout × eout. (A12)
Uding Equation (19), the common effective potential can
be obtained:
ΦLinLout =
∫
$
(GR)
LinLout
µ
√
Gm12a d
√
1− e2
=
∫
(−2$(GR)LoutLin)µout
√
Gm123aout d
√
1− e2out
=
G3m1m2m3(4m12 + 3m3)
√
1− e2
2c2nnoutaa4out(1− e2out)
. (A13)
For Effect III, Equations (21) and (23) reduce to
de
dt
∣∣∣∣
LinS3
= (∓ 2$LinS3)Lˆout × e, (A14)
deout
dt
∣∣∣∣
S3Lin
= (± 6$S3Lin)Lˆout × eout. (A15)
Again, the upper (lower) sign refers to the Sˆ3 = Lˆ (Sˆ3 =
−Lˆ) case. Using (24), the effective potential is given by
ΦLinS3 =
∫
(∓ 2$LinS3)µ
√
Gm12a d
√
1− e2
=
∫
(± 6$S3Lin)µout
√
Gm123aout d
√
1− e2out
= ∓ G
2m1m2S3
√
1− e2
c2naa3out(1− e2out)3/2
. (A16)
